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Abstract

The existing nonlinear local methods for dimensionality reduction yield impres-
sive results in data embedding and manifold visualization. However, they also
open up the problem of how to define a unified projection from new data to the
embedded subspace constructed by the training samples. Thinking globally and fit-
ting locally, we present a new linear embedding approach, called Locally Embedded
Analysis (LEA), for dimensionality reduction and feature selection. LEA can be
viewed as the linear approximation of the Locally Linear Embedding (LLE). By
solving a linear eigenspace problem in closed-form, LEA automatically learns
the local neighborhood characteristic and discovers the compact linear subspace,
which optimally preserves the intrinsic manifold structure. Given a new high-
dimensional data point, LEA finds the corresponding low-dimensional point in
the subspace via the linear projection. This embedding process concentrates the
adjacent data points into the same dense cluster, which is effective for discrimi-
nant analysis, supervised classification and unsupervised clustering. We test the
proposed LEA algorithm on several benchmark databases. Experimental results
show that LEA provides better data representation and more efficient dimension-
ality reduction than the classical linear methods.

1 Introduction

In most computer vision and pattern recognition problems, the large number
of sensory inputs, such as images and videos, are often viewed as intrinsically
low-dimensional data distributed in a high-dimensional vector space. In order to
understand and analyze the multivariate data, we need to reduce the dimension-
ality and find more compact representations. If the variance of the multivariate
data is faithfully represented as a set of parameters, the data can be consid-
ered as a set of geometrically related points lying on a smooth low-dimensional
manifold [1, 13, 17, 19, 20]. The fundamental issue in dimensionality reduction is
how to model the geometry structure of the manifold and produce a faithful
embedding for data projection.



During the last few years, a large number of approaches have been proposed
for constructing and computing the embedding. We categorize these methods by
their linearity. The nonlinear methods such as locally linear embedding (LLE)
[13, 17], Laplacian eigenmaps [3], Isomap [19], Hessian LLE (hLLE) [5] and
semidefinite programming (SDE) [20], focus on preserving the geodesic distances
which reflect the real geometry of the low-dimensional manifold. LLE formulates
the manifold learning problem as a neighborhood-preserving embedding, which
learns the global structure by exploiting the local symmetries of linear recon-
structions. Based on the spectral decomposition of graph Laplacians, Laplacian
Eigenmap finds an approximation to the Laplace-Beltrami operator defined on
the manifold. Isomap extends the classical MDS [4] by computing the pairwise
distances in the geodesic space of the manifold. In the sense of isometry, hLLE
estimates the Hessian matrix while SDA considers local angles and distances.

The linear methods, such as principal component analysis (PCA) [6, 10],
multidimensional scaling (MDS) [4], locality preserving projections (LPP) [8, 9],
and locality pursuit embedding (LPE) [11] are evidently effective in observing
the Euclidean structure. PCA finds the embedding that maximizes the projected
variance, while MDS preserves the pairwise distances between data points during
the embedding. If the metric are Euclidean, MDS is the same as PCA. LPP
and LPE are both local approaches. LPP computes the embedding in terms
of a “heat kernel” based nearest neighbor graph, which discovers the essential
manifold structure by preserving the local information. LPE performs PCA on
local nearest neighbor patches to reveal the tangent space structure on manifold.

The nonlinear embedding methods have been successfully applied to some
standard data sets and generated satisfying results in dimensionality reduc-
tion and manifold visualization. However, these approaches define the input-to-
manifold mapping solely based on the training data space. How to project new
data into the embedded space is still an open problem for real-word applications.
Moreover, it is also unclear how the reverse manifold-to-input mapping is defined
[21]. The linear embedding methods are demonstrated to be computationally ef-
ficient and suitable for practical applications, such as pattern classification and
visual recognition. Since the embedding is approximated to a linear process and
in the statistical sense, these methods ignore the geodesic structure of the true
manifold. Although linear methods cannot reveal the perfect geometric structure
of the nonlinear manifold, one might expect to find a better linear approxima-
tion to the nonlinear embedding [6], such as LPP, which is sufficiently effective
to deal with practical problems in computer vision and machine learning.

In this paper, we present the locally linear embedded eigenspace analysis,
which is abbreviated to Locally Embedded Analysis (LEA), for linear dimension-
ality reduction and feature selection. Inspired by the neighborhood-preserving
property and geometric intuition of LLE, we propose a linear eigenspace-analysis-
based embedding strategy, which finds the optimal projection to minimize the
local reconstruction error. Our approach builds on an objective function similar
to that of LLE but seeks the linear input-to-manifold mapping in closed-form.
As a result, LEA reveals several novel perspectives in constructing the embedded



low-dimensional subspace. In the algorithm, the weight matrix of locally pair-
wise relation is first constructed by nearest neighbor reconstruction. Then the
embedded space is built according to the same weight matrix. In the learned sub-
space, based on a quadratic form constraint, the eigenspace analysis is applied
to compute the optimal basis (eigenvectors) for data projection.

LEA exhibits several attractive properties for dimensionality reduction and
feature selection. (a) LEA is based on an exact closed-form solution. (b) LEA
can be viewed as a linear approximation of LLE. Using the objective function
of LLE, LEA formulates the embedding problem as that of linear eigenspace
analysis. The advantage is that, given a new high-dimensional data point, LEA
automatically finds the corresponding low-dimensional point on manifold via the
linear projection. (c) LEA is a reasonable data representation method. Consider
the neighbors of a particular point lying in a certain subspace of the entire data
space. This subspace has the property of the Linear Object Class Model, on which
any prototype data can be represented by the linear combination of the others.
LEA imposes this important property into the embedded space. (d) LEA has
the discriminant property of both supervised classification and unsupervised clus-
tering. According to the pattern classification theory [6], the classifier should be
sufficiently smooth, that is, if two data points are adequately close to each other,
they share the same label. Considering the nearest-neighbor based classification
or small sample issues, we believe that the local structure is more important than
between-class distribution, because the training data is often inadequate in re-
vealing the faithful statistical class information. However, LEA directly holds the
local geometry to concentrate the nearest data points into compact clusters for
pattern discriminant. We have demonstrated that LEA outperforms both PCA
and LDA [10] in some visual recognition cases. (e) LEA has latent relation with
LPP in the sense of linear subspace analysis. Although these two methods both
try to preserve the local structure for linear embedding, they have absolutely
different objective function, mathematical derivation, and geometric sense. The
main advantage of LEA is that it automatically constructs the weight matrix
in a closed-form solution by learning the intrinsic neighborhood structure, while
LPP constructs the Laplacian graph using a “heat kernel” function which needs
to tune a kernel parameter in practice.

In the following sections, we first review the LLE algorithm in Sec.2. We
then present the locally linear embedded eigenspace analysis (LEA) in Sec.3 and
discuss the properties of LEA in Sec.4. The experimental results are shown in
Sec.5. We finally conclude the paper in Sec.6.

2 Locally Linear Embedding (LLE)

The original Locally Linear Embedding (LLE) algorithm [13] includes two stages
[15]: linear nearest neighbor reconstruction and locally structure preserved em-
bedding.



2.1 Linear Nearest Neighbor Reconstruction

Consider a high dimensional data set with n elements is denoted by X =
{x1,x2, · · · ,xn}, where xi ∈ RD and i = 1, 2, · · · , n. In LLE, original data lie on
a nonlinear manifold that can be approximated with a local linear model. The
geometric relationship among the high dimensional data is described by the lin-
ear nearest-neighbor reconstruction. It means that each data point is represented
by the linear combination of its k nearest neighbors.

Denote the set of xi’s k nearest neighbors as X (i)
N = {x(i)

N(1),x
(i)
N(2), · · · ,x(i)

N(k)},
where x(i)

N(j) ∈ RD and j = 1, 2, · · · , k. The reconstruction error is calculated by
the following cost function

εD =
n∑

i=1

∥∥xi −
k∑

j=1

w
(i)
j x(i)

N(j)

∥∥2 (1)

where W(i)
K = {w(i)

1 , w
(i)
2 , · · · , w(i)

k } is the reconstruction weight vector, subject
to the constrain

∑k
j=1 w

(i)
j = 1 and w

(i)
j = 0 when x(i)

N(j) �∈ X (i)
N . The weights

are calculated by solving W(i)
K = arg min(εD).

2.2 Locally Structure Preserved Embedding

In the embedding stage, the representations of those intrinsic characteristics
(weights) are preserved to maintain the nonlinear manifold geometry in the low-
dimensional space. A low-dimensional data set is denoted by Y = {y1,y2, · · · ,yn},
where yi corresponds to xi and yi ∈ Rd (d < D). With the same weights W(i)

K

solved in Sec.2.1, we define the embedding cost function as

εd =
n∑

i=1

∥∥yi −
k∑

j=1

w
(i)
j y(i)

N(j)

∥∥2 (2)

The reconstruction error is minimized by solving an eigenvalue problem, sub-
ject to the constrains

∑n
i=1 yi = 0 and YYT = nI, where Y = [y1,y2, · · · ,yn]

and I is the d × d identity matrix.

3 Locally Linear Embedded Eigenspace Analysis

3.1 Why Not Nonlinear Projection?

Using a nonlinear projection, the nonlinear methods effectively reflect the intrin-
sic geometric structure of the high-dimensional data in a visible low-dimensional
subspace. However, in real-world problems, especially the clustering and visual
recognition, these methods have two essential limitations: (1) The nonlinear pro-
jection is defined only on the training data space. For each novel input datum,
the entire embedding procedure, including the global nearest-neighbor search



and the weight matrix calculation, has to be repeated. (2) The nonlinear meth-
ods only provide the forward input-to-manifold mapping, but not a reversible
parametric mapping from the low-dimensional space to the high-dimensional
space. To overcome these limitations, we propose the Locally Linear Embedded
Eigenspace Analysis, in which the embedding is approximated as a nonpara-
metric linear space projection that optimally preserves the local neighborhood
structure.

3.2 Linear Space Projection

Linear Projection [6, 8, 10, 11] is particularly attractive because it is in closed-
form solution and computationally inexpensive. For the problems of excessive
dimensionality, linear projection maps the high-dimensional data into a lower
dimensional subspace using eigenspace analysis. Suppose there is a one-to-one
mapping between X = {x1,x2, · · · ,xn} and Y = {y1,y2, · · · ,yn}. The space
projection is defined by a transformation P : RD → Rd. The D-by-d projection
matrix is denoted by P = [p1,p2, · · · ,pd] which satisfies yi = PT xi. The D-to-d
projection can be written as a single matrix equation

Y = PT X (3)

where xi and yi are respectively viewed as columns of D-by-n matrix X and
d-by-n matrix Y. When d = 1, the original D-dimensional data set is projected
onto a line. We obtain the D-to-1 projection

y = pT X (4)

The vector p = (p1, p2, · · · , pn)T is the line to project, while y = (y1, y2, · · · , yn)T

is the vector of the coordinates, where yi = pT xi.

3.3 Computing Weight Matrix in Closed-Form

We solve the LEA projection by first calculating the weight matrix in closed-
form [17, 19]. Since the weights W(i)

K are constrained to sum up to 1, Eq. (1) can
be rewritten as

εD =
n∑

i=1

∥∥ k∑
j=1

w
(i)
j

(
xi − x(i)

N(j)

)∥∥2

=
n∑

i=1

k∑
j=1

k∑
l=1

w
(i)
j w

(i)
l G

(i)
jl (5)

Define the k-by-k local Gram matrix Gi for xi as Gi[j, l] = (xi−x(i)
N(j))

T (xi−
x(i)

N(l)), that is Gi = (xi1T −X(i))T (xi1T −X(i)), where the k-by-1 column vector

1 consists of ones and the columns of the D-by-k matrix X(i) contains xi’s k



nearest neighbors. Setting k-by-1 column vector wi = (w(i)
1 , w

(i)
2 , · · · , w(i)

k )T , we
rewrite Eq. (5) as

εD =
n∑

i=1

wT
i Giwi (6)

Given the constraint on wi (Sec. 2.1), we solve the least squares problem and
obtain the closed-form solution

wi =
G−1

i 1
1T G−1

i 1
(7)

Define the n-by-n sparse Weight Matrix W, where W[i, N(j)] = wi(j) =
w

(i)
j , and the other elements of W are 0. In general, W is a sparse matrix

consisting of neighborhood characteristic of the original space.

3.4 Learning a Locally Linear Embedded Subspace

In this section, we derive the closed-form solution for learning the locally linear
embedded subspace in two cases. These two formulations, subject to different
constraints, corresponds to the supervised D-to-d embedding and unsupervised
D-to-1 embedding, respectively.

Solution for Supervised D-to-d Embedding In the supervised embed-
ding, suppose that we know the desired low-dimensional degree d to project.
The problem of embedding is that of calculating the mapping from the D-
dimensional space to the d-dimensional subspace. To obtain the closed-form
solution to the linear projection in Eq.(3), we rearrange Eq.(2) as follows ac-
cording to

∑k
j=1 w

(i)
j = 1

εd =
n∑

i=1

∥∥ k∑
j=1

w
(i)
j

(
yi − y(i)

N(j)

)∥∥2

=
n∑

i=1

∥∥ k∑
j=1

w
(i)
j

(
PT xi − PT x(i)

N(j)

)∥∥2

= Tr
[
PT X

(
I − W

)T (
I − W

)
XT P

]
(8)

where Tr is the trace operator on matrices.
Subject to the constraint PT (XXT )P = nI, we obtain the following eigen-

value problem by Lagrange optimization.

X(I − W)T (I − W)XT P = ΛXXT P (9)

where Λ is the diagonal Lagrange multiplier matrix. The columns of P are the
smallest d eigenvectors of matrix (XXT )−1X(I−W)T (I−W)XT after discarding
the bottom eigenvector which is the mean of PT X.



Solution for Unsupervised D-to-1 Embedding In the unsupervised em-
bedding, suppose that we do not know the desired low-dimensional degree d
to project. We formulate the embedding problem as a D-to-1 projection, that
is, the mapping from D-dimensional space to each axis of the low-dimensional
space is optimal. In geometrical sense, the high-dimensional data are linearly pro-
jected onto an optimal line preserving the underlying neighborhood structure.
Define the n-by-n diagonal matrix D, where D[i, i] =

∑n
j=1 W[i, j]. According

to Eq.(4), we substitute each yi with pT xi. Then Eq.(2) is written as

ε1 =
n∑

i=1

∥∥ k∑
j=1

w
(i)
j

(
yi − y

(i)
N(j)

)∥∥2

=
n∑

i=1

∥∥ k∑
j=1

w
(i)
j

(
pT xi − pT x(i)

N(j)

)∥∥2

=
n∑

i=1

k∑
j=1

k∑
l=1

w
(i)
j w

(i)
l

(
pT xi − pT x(i)

N(j)

)(
pT xi − pT x(i)

N(l)

)

=
n∑

i=1

k∑
j=1

k∑
l=1

w
(i)
j w

(i)
l

(
pT xipT xi + pT x(i)

N(j)p
T x(i)

N(l)

−pT xipT x(i)
N(j) − pT xipT x(i)

N(l)

)

According to the definition of the weight matrix in Sec.3.3, we obtain the fol-
lowing cost function

ε1 = pT X
(
DT D + WT W − DT W − WT D

)
XT p (10)

Recall that each diagonal value D[i, i] of matrix D corresponds to the weights
summation for the k nearest neighbors of a particular data point. Moreover,
since the nonsymmetric rows and columns of sparse matrix W have very few
overlappings, it follows that WT W is almost a diagonal matrix. Therefore, the
matrix DT D+WT W indicates the local distribution around yi because a large
value in the diagonal means a short distance between neighbors. To solve the least
squares problem, we minimize the objective function subject to the constraint
pT X

(
DT D + WT W

)
XT p = 1. It is straightforward to obtain the projection

vector p by solving the eigenvalue problem

X
(
D − W

)T (
D − W

)
XT p = λX

(
DT D + WT W

)
XT p (11)

Obviously, matrices X
(
D−W

)T (
D−W

)
XT and X

(
DT D+WT W

)
XT are

both positive semidefinite and symmetric. Subject to the constraint
∑k

j=1 w
(i)
j =

1 and D = I, Eq.(11) can be rewritten as X
(
I − W

)T (
I − W

)
XT p = λX

(
I +

WT W
)
XT p, which is similar to the D-to-d solution when W ≈ I and d = 1.



3.5 Supervised Locally Embedded Analysis

In supervised learning [14], each sample pattern in the training set is associated
with a category label or cost. The task of a classifier is to distinguish the patterns
with various labels and to recognize new patterns with unknown labels. LEA is
a local method which is suitable for the supervised locally embedded analysis in
some cases. The strict constraint imposed on the supervised LEA is that the k

nearest neighbors {x(i)
N(1),x

(i)
N(2), · · · ,x(i)

N(k)} are chosen in the same class of xi.
Therefore, if we have nc samples for each class, it follows that 1 ≤ k ≤ (nc − 1)
and nc ≥ 2.

4 Properties of LEA

1. Linear Input-to-Manifold Projection. Since LEA holds the objective
functions of LLE, it maintains the locally linearity in the D-to-d embedding.
One of the basic properties of LEA is the unified input-to-manifold projection
Y = PT X, which is undefined in LLE or other nonlinear methods. Given a
novel D-dimensional data point, LEA can directly find the corresponding d-
dimensional point in the subspace via the linear projection. Furthermore, LEA
provides the possible reverse transformation by pseudoinverse operation, that is
X = (PPT )−1PY under the constraint that PPT is nonsingular.

2. Locally Linear Embedded Discriminant Analysis. LEA has the dis-
criminant property in both supervised pattern classification and unsupervised
clustering. Based on the objective function, we can see that LEA finds the un-
derlying embedding which holds the neighborhood reconstruction characteristic.
Each embedded low-dimensional data point is located in a particular compact
cluster containing all of its k nearest neighbors coming from the original space.
Theoretically, if we assume W is symmetric and WT W ≈ I in supervised learn-
ing case, Eq.(9) can be rewritten as

2X
(
I − W

)
XT P .= ΛXIXT P

(
2Λ−1 − I

)
X

(
I − W

)
XT P .= X

(
I − (

I − W
))

XT P

Λ̃SW P .= SBP (12)

where Λ̃ =
(
2Λ−1 − I

)
. The SW = X

(
I − W

)
XT and SB = XWXT are the

within-class scatter matrix and the between-class scatter matrix, respectively,
if the total mean of the training data is 0 [11]. Note that Eq.(12) is exactly
the generalized eigenvalue problem of Linear Discriminant Analysis [6] which
seeks the transformation matrix P by maximizing the ratio of the between-
class scatter to the within-class scatter. Hence, the objective function of LEA
potentially contains the discriminant property.

3. Manifold Visualization and Clustering. We have seen that LEA seeks
the optimal linear projection to preserve the neighborhood characteristic that
is suitable for discriminant analysis in supervised learning. On the other hand,



LEA can also visualize an approximated low-dimensional manifold to solve unsu-
pervised problems, such as clustering. Since LEA focuses on the local structure,
the display of the manifold is often very rough. In order to smooth the approxi-
mated manifold, we rearrange Eq.(7) by inserting a regularization parameter r

[15], where G−1
i = (Gi +(r ·∑k

j=1 λ
(j)
G ) ·I)−1 and λ

(j)
G is the eigenvalue of matrix

G.
4. Relating LEA with Laplacian Eigenmaps. The mathematical deriva-

tion of solving the D-to-1 linear embedding is related to that of the Laplacian
eigenmaps (or LPP). The differences between the two embedding processes lie
in their different objective functions and computation of the weight matrix. We
can relate LEA with Laplacian eigenmaps by

ε1 =
n∑

i=1

k∑
j=1

(w(i)
j )2(yi − y

(i)
N(j))

2+

n∑
i=1

k∑
u=1

k∑
v �=u

w(i)
u w(i)

v (yi − y
(i)
N(u))(yi − y

(i)
N(v)) (13)

The first term of Eq. (13) is similar to the objective function of Laplacian
eigenmaps except for the square of the weights. Note that Laplacian eigen-
maps chooses weights as a “heat kernel” rather than the intrinsic reconstruction
weights in LEA. The second term of Eq.(13) reflects the covariance information
between neighbors which represents the local structure better. More generally,
if we assume W is symmetric and WT W ≈ D in the case of unsupervised
embedding, Eq. (11) can be rewritten as

X
(
D − W

)
XT p .= λXDXT p (14)

where D = I. Eq. (14) is the generalized eigenvalue problem of LPP when the
nearest-neighbor graph S is subject to the constraint

∑n
j=1 S[i, j] =

∑n
i=1 S[i, j] =

1. Moreover, LEA automatically learns and preserves the locally reconstruction
weights in the embedding. Unlike LPP, LEA does not need to tune parameter
for setting the weight matrix.

5 Experimental Results

5.1 Benchmark Data Sets

We demonstrate the properties of LEA using six benchmark data sets. (1) Ro-
tating Teapot [20]. The 400 RGB color images, in a resolution of 76 × 101,
were taken by viewing the 360 degrees of a rotating teapot. (2) Frey Faces
[13]. Brendan Frey’s 1965 grayscale face images taken from sequential frames of
a video. The images, in a resolution of 28×20, show variations in face expression
and view rotation. (3) ORL Face Database [16]. This database contains 40
subjects with 10 grayscale face images for each. The images, in a resolution of



Fig. 1. Linear embedding and subspace projection of 400 rotating teapot images. The num-
ber of nearest neighbors is k=6. (a) Original images. (b) Manifold curve of 390 embedded
data points with 10 novel projections. The regularization parameter of LEA is r=0.01. (c)
is the same as (b) except for r=0.1. (d) Manifold curve of 400 data points using LLE
with r=0.001. (e)(g) The 3D and 2D manifold curves of 400 data points using LEA with
r=0.001. (f) is the same as (e) except for r=0.01.

92×112, show all frontal and slight tilt of the head. The images are cropped and
resized to 32 × 39. (4) YALE Face Database [2]. This database contains 165
grayscale images of 15 individuals. The 11 images for each subject, in a resolu-
tion of 320× 243, were taken in the conditions of center-light, w/glasses, happy,
left-light, w/no glasses, normal, right-light, sad, sleepy, surprised, and wink. The
images are cropped and resized to 32 × 32. (5) UMIST Face Database [7].
This database contains 564 grayscale face images for 20 subjects. Each subject
has 19 to 36 images, in a resolution of 220×220, in various angles from left profile
to frontal view. The images are cropped and resized to 28× 34. (6) IFP-Y (in-
ternal) Face Database. This is an internal face database which contains 3520
grayscale images taken from video sequences for 22 subjects, with 160 images
for each. Each cropped image has a resolution of 40 × 40, with large variations
in facial expression, illumination, pose and occlusion.

5.2 Results

Linear Embedding and Space Projection. In this experiment, we project
the 400 teapot rotating images of data set (1) into a three-dimensional space
using LEA. Figure 1 shows the results of the embedding from image space to
the 3D manifold space with k=6 nearest neighbors. In (b)(c), we select 390 for
training. The other 10 were used for testing. The figures show that the 10 new
data are projected precisely onto the manifold curve constructed by the training



data. In (b)(e) (f)(g), we use different values of the regularization parameter
(r = 0.1, 0.01, and 0.001) to smooth the manifold curves. According to the results
of LLE in (d), LEA maintains the main structures of the nonlinear manifold,
such as the turning points and the point sequence.

Fig. 2. Feature selection and dimensionality reduction. (a) Eigenfaces vs. LEAfaces on
ORL face database. (b) PCA vs. LEA. Two-dimensional projection for 3 IFP-Y (internal)
face subjects with 160 images for each.

Feature Selection and Dimensionality Reduction. In this experiment,
we use data set (3) and (6) to visualize the data representation of supervised
LEA and compare it with PCA. Figure 2-(a) shows the results of Eigenfaces
vs. LEAfaces. We first reduce the dimensionality of the 400-ORL-face image
space and represent the 3 top eigenvectors as Eigenfaces. Then in the PCA
subspace we apply the supervised LEA, with k=9 nearest neighbors, and select
the 3 lowest eigenvectors as LEAfaces, which span the entire LEA subspace. The
LEAfaces, which contain more sparse local textures like Laplacianfaces [9], are
quite different from Eigenfaces. Figure 2-(b) shows the data projection results
of PCA and supervised LEA. We first arbitrarily choose 3 subjects with 160
images for each in the IFP-Y(internal) face database, and then project each
image into both two-dimensional PCA subspace and LEA subspace (k=159).
We find that LEA concentrates the data points of the same class densely along
a line, which is more suitable for discriminant analysis, comparing to the sparse
global distribution in PCA subspace.



Fig. 3. The manifold visualization of 1965 Frey’s face images by LEA using k=6 nearest
neighbors. (a) Three-dimensional linear embedding and unsupervised clustering. The origi-
nal images are divided into 4 emotion categories: happy (red), sad (yellow), licking (blue),
and neutral (green). (b) Two-dimensional linear embedding and unsupervised clustering.
(c) is the same as (b) except for r=0.1.

Manifold Visualization and Clustering. We evaluate the unsupervised
clustering property of LEA using the entire data set (2). The 1965 face images
are projected into three-dimensional LEA subspace using k=6 nearest neighbors.
Figure 3-(a) shows the visualized manifold. We then label the original data with
4 emotional expressions: happy (red), sad (yellow), licking (blue), and neutral
(green). It is obvious that the data belonging to the same class congregate in
a certain region of the space. In general, The cluster corresponding to positive
emotion (happy) is distinctly separated from the other clusters. The cluster
corresponding to neutral faces is located in the middle of positive and negative
emotion clusters. In each cluster, the data points corresponding to head rotation
are distributed orderly along the manifold surface. Moreover, we see that the
2D embedding in (b) reveals the same cluster distribution. After smoothing the
manifold with regularization parameter r=0.1, we obtain the results in Figure
3-(c). The clusters are even more compact and distinct from each other.

Visual Recognition. We are interested in the application of LEA in face
recognition [18, 2, 12]. The four data sets (3)(4)(5)(6) are adopted for the exper-
iments. Figure 4-(a) shows some cropped image examples of the ORL, YALE,
UMIST and IFP-Y(internal) database. We choose Euclidean distance and the
nearest neighbor classifier in all the recognition experiments. First, we assume
that the gallery set of each experiment is the same as the training set. On ORL,
YALE and UMIST, respectively, we randomly select 3, 6 and 25% images of each



Fig. 4. Face recognition on ORL, YALE, UMIST and IFP-Y (internal) databases. (a) The
cropped example images. (b) Recognition accuracy of PCA, LDA and LEA. The average
error rates of 100 times of recognition test on the three databases with random data set
partitions. (c)(d)(e) Recognition rate vs. dimensionality reduction on the three databases.
(f) Error rate vs. dimensionality reduction. (g) Evaluate the generalization of LEA for face
recognition on IFP-Y (internal) database.

subject for training and the rest of 7, 5 and 75% for testing. The training data of
the three database are 120, 90 and 145, respectively, while the testing data are
280, 75 and 419. Then test the recognition accuracy of PCA, LDA and LEA on



each case of dimensionality reduction. To generalize the performance, we repeat
the data set partition for 100 times on each database. Figure 4-(b) shows the
average of the 100 lowest error rates for each method on each database. The
average error rates of (PCA, LDA, LEA) on ORL, YALE and UMIST are re-
spectively (14.4%, 12.8%, 9.7%), (25.8%, 23.6%, 7.7%) and (10.7%, 9.1%, 4.3%).
The results show that LEA outperforms both PCA and LDA. Comparing with
LPP’s recognition error rate (11.3%) [9] on YALE database, LEA has better
result(7.7%) for the same data set partition.

Another interesting result is the efficient dimensionality reduction of LEA for
visual recognition. Figure 4-(c)(d)(e) show LEA’s recognition rate comparing
with PCA and LEA. Figure 4-(f) shows the error rate vs. dimensionality reduc-
tion. The best reduced dimensionality of (PCA, LDA, LEA) on ORL, YALE and
UMIST are respectively (88, 39, 40), (42, 14, 14) and (33, 19, 18). We see that
the reduced dimensionality of LEA is close to that of LDA which is much lower
than that of PCA.

We choose IFP-Y (internal) Face Database to evaluate the generalization of
LEA for visual recognition. We first make sure that the gallery set, training set
and testing set are all different. The 20, 10 and 130 images of each subject are
randomly selected for training, gallery and testing, respectively. For all 20 sub-
jects, we have 440, 220 and 2860 images for each data sets. Figure 4-(g) shows
the recognition rate of (PCA, LDA, LEA) on IFP-Y (internal) Database. The
lowest error rates and the reduced dimensionality are (32.7%, 31.2%, 10.7%) and
(145, 21, 32), see Figure 4-(f). For the same reduced dimensionality of 21, the
error rates are (39.4%, 31.2%, 11.2%). These results indicate that LEA still out-
performs both PCA and LDA in generalized recognition problems with efficient
dimensionality reduction.

6 Conclusions

We have presented the Locally Embedded Analysis for dimensionality reduction
and feature selection. Using the objective function of LLE, LEA solves the input-
to-manifold embedding by a linear projection. LEA is a method aiming at seeking
the optimal linear projection for subspace analysis. By solving a linear eigenspace
problem in closed-form, LEA automatically learns the local neighborhood rela-
tion and discovers the compact subspace, which optimally preserves the intrinsic
structure of the manifold in the sense of linearity. The properties of LEA are
suitable for practical applications, such as the pattern representation, dimension-
ality reduction, unsupervised clustering and supervised visual recognition, which
have been demonstrated by the experiments on the six benchmark databases.
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