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Abstract—We propose a new method for the detection of
evoked potentials that combines a generative model and a
discriminative classifier. The method is a variant of the support
vector machine (SVM), which uses the Fisher kernel. The kernel
function is derived from a generative statistical model known
as mixed effects model (MEM). Instead of arbitrarily selecting
the Gaussian kernel for the SVM, we exploit the Fisher kernel
derived from the MEM for the SVM. The strength of this
approach is that it combines the rich information encoded
in the generative model, the MEM, with the discriminative
power of the SVM algorithm. Our results show that the new
method of combining the two complementary approaches – the
generative model (MEM) and the discriminative model (SVM)
via the Fisher kernel – achieves substantial improvement over
the generative model (MEM) and provides better performance
than the discriminative model (Gaussian kernel SVM) on the
detection of evoked potentials in neural signals.

I. INTRODUCTION

Generative and discriminative learning approaches are two
prevailing and powerful, yet different, paradigms in machine
leaning. Generative learning models, such as Bayesian in-
ference [1] attempt to model the underlying distributions
of the variables in order to compute classification and re-
gression functions. These methods provide a rich framework
for learning from prior knowledge. Discriminative learning
models, such as support vector machines (SVM) [2] avoid
generative modeling by directly optimizing a mapping from
the inputs to the desired outputs by adjusting the result-
ing classification boundary. These latter methods commonly
demonstrate superior performance in classification. Recently,
researchers have investigated the relationship between these
two learning paradigms and have attempted to combine their
complementary strengths [3]. In this work we combine the
Fisher kernel technique, which is a generative model, with
a discriminative classifier. Jaakkola et al. first introduced the
Fisher kernel to create a generic mechanism for incorporating
generative probability models, such as hidden Markov models,
into discriminative models, such as SVMs. This was done in
an attempt to overcome the problems associated with variable-
length feature vectors [4]. Jaakkola and his colleagues showed
that combining the Fisher kernel with a discriminative model
significantly improved performance over a hidden Markov
model for detecting remote protein homologies [5]. Mika et
al. developed a fast training algorithm that allows the Fisher

kernel algorithm to be applied to large datasets [6]. Tsuda
et al. analyzed the statistical properties of the Fisher kernel
[7]. The Fisher kernel has been widely used in many areas,
such as large scale web audio classification [8] and speech
recognition [9].

To improve the performance of single-trial electroen-
cephalography (EEG) event related potential (ERP) detection
[10], we propose a new ERP detector that combines a genera-
tive model and a discriminative model. More specifically, our
method uses the Fisher kernel derived from the mixed effects
model (MEM) in the SVM. A MEM [11] is a statistical
hierarchical model. It was first proposed for the analysis of
longitudinal time-series data [12] and has been widely used
for the analysis of longitudinal data and image shape analysis
[11], [13]. There are two sources of variation in the MEM:
between-individual variations and within-individual variation.
An advantage of the MEM is the ability to combine the data
by introducing multilevel random effects. Therefore, it is well
suited for the analysis of longitudinal data and biomedical
data. In our previous study [14], we applied this statistical
approach to the classification of single-trial multichannel EEG
sequences. We showed that the MEM models the neural
responses to target stimuli and distractor stimuli quite well
and that the performance of the MEM approaches that of the
Gaussian kernel SVM (GKSVM) for ERP detection. Since
it incorporates multilevel random effects, the MEM easily
handles data with multiple sources of variation, such as EEG
data. For example, we can easily use the population-averaged
parameters to specify the EEG signal that is common across
subjects and/or sessions and we can use the subject-specific
parameters to specify the signal that is unique from one sub-
ject/session to the next. This allows us to easily aggregate data
across multiple subjects/sessions. Consequently, the MEM
provides a principled mechanism for combining historical and
new data, which greatly simplifies online adaptation.

In this work, we demonstrate the feasibility of the proposed
Fisher kernel SVM (FKSVM) for single-trial ERP detection.
Instead of arbitrarily selecting the Gaussian kernel for the
SVM, we want to use the Fisher kernel derived from the
MEM. The strength of this approach is that it combines the
rich biological information encoded in the MEM with the
discriminative power of the SVM algorithm. Our results show



that the new method of combining the two complementary
approaches – the generative model (MEM) and the discrimina-
tive model (SVM) via the Fisher kernel – achieves substantial
improvement over using either the generative model (MEM)
or the discriminative model (GKSVM) alone for single-trial
ERP detection.

II. MODELS

A. Fisher Kernel

The Fisher kernel provides a natural similarity measure
between data samples, which takes into account the under-
lying probability distribution. The Fisher kernel operates in
the gradient space of the generative model, specifically the
gradient of the loglikelihood with respect to the parameters.
It describes how the parameters contribute to the process of
generating a particular example. For any data vector yi and
model parameters θ, the Fisher score is a row vector and which
is defined as

Uyi
= ∇θ log p(yi|θ). (1)

The Fisher Information matrix is defined as

I = Eyi
{Uyi

T Uyi
}, (2)

where Eyi
{} is the expectation over p(yi|θ). The Fisher kernel

is defined as
K(yi,yj) = Uyi

I
−1UT

yj
, (3)

where yi and yj are two data samples. The Fisher kernel
compares two data samples through the directions in which
they stretch the model parameters. If the gradient vectors are
similar, then the two samples would adapt the model in the
same way. Detailed information and properties of the Fisher
kernel can be found in Jaakkola’s paper [4] and Tsuda’s paper
[7].

B. Mixed Effects Models

The general MEM model for individual i of N , i =
1, . . . , N is written as,

yi = Xiα + Zibi + εi. (4)

where

• yi is the n×1 vector of observations for the ith individual
and n is the number of observations for the ith individual,

• α is the p × 1 population fixed effects vector, and Xi is
the n×p population design matrix of fixed effects,

• bi is the k × 1 individual random effects vector; the
random effects are assumed to be independent and have
a normal distribution bi∼N(0,D), where D is a k×k
positive definite covariance matrix; and Zi is the n×k
individual design matrix of random effects,

• εi is an n× 1 vector of independent and identically dis-
tributed (iid) errors with zero mean and positive definite
covariance matrix, which represents the within-individual
variance, and the error terms are assumed to have a
normal distribution εi∼N(0, σ2In), where In denotes an
n×n identity matrix.

This model (4) can be written as a multivariate normal
distribution, yi∼N(Xiα, σ2In + ZiDZi

T ). Detailed infor-
mation about the parameter estimation and design matrix
construction can be found in [14]. We let V ar(yi) represent
Vi = σ2In +ZiDZT

i , if the covariance parameters σ̂2 and D̂,
were known, then Vi is also known and we could estimate
α and bi. Assuming yi is independent for each i, the joint
density function of yi is

p(Y;θ) =
N∏

i=1

exp[− 1
2 (yi − Xiα)T V−1

i (yi − Xiα)]

(2π)
n
2 |Vi| 12

, (5)

where Y = {y1,y2, ...,yN} and θ = (α,D, σ). The log-
likelihood function for the MEM is given by

l(θ) = −1
2
{(

N∑
i=1

n)ln(2π)

+
N∑

i=1

[ln|Vi| + (yi − Xiα)T V−1
i (yi − Xiα)]}.(6)

III. FISHER KERNEL DERIVED FROM THE MEM

The key idea here is to derive the Fisher kernel function
from the MEM and use it to replace the Gaussian kernel in
the SVM for ERP detection. First we train a MEM and use
the MEM to map each new example into its Fisher score.
Then we compute the Fisher kernel function on the basis
of the Euclidean distance between the scores of the new
sample and the training samples; Finally we can measure
the discriminant value for the new example from the SVM
discriminant function.

A. Fisher scores derived from the MEM

We define the MEM Fisher score as

Uyi
= ∇θlog p(yi|θ)
= [∇αlog p(yi|α),∇Dlog p(yi|D),∇σlog p(yi|σ)],

(7)

where the model parameters of the MEM θ = (α,D, σ)
and data samples yi∼N (Xiα, σ2In + ZiDZi

T ), for i =
1, 2, ..., N as in Equation (1) and (2). We use an MEM trained
from target examples to model a given ERP and we derive
the Fisher score based on the target MEM. This intuition is
that we would like to enhance the discriminative power of the
classifier.

1) Fisher scores of parameter α: Fisher scores respective
to the fixed effect parameter of the MEM α is a 1 × p row
vector

∂l

∂αT
=

[
∂l

∂α1
, ...,

∂l

∂αm
, ...,

∂l

∂αp

]
(8)

where α = [α1, ...,αm, ...,αp]T is a column vector. Based
on (6) and if we let a = yi − Xα, we have

∂l

∂αm
= −1

2
∂(aT V−1a)

∂αm

= aT V−1X.m (9)



Since V−1 is a symmetric matrix,we have

∂l

∂αT
= (yi − Xα)T V−1X (10)

2) Fisher scores of parameter D: The covariance matrix
D of the random effects of the MEM is a k×k matrix, Based
on (6), the Fisher scores respective to parameter D is a k× k
matrix,

∂l

∂D
= −1

2
[
∂ln |V|

∂D
+

∂(aT V−1a)
∂D

]. (11)

For each entry (m,l) of matrix D, we have

∂l

∂Dml
= −1

2
[
∂ln |V|
∂Dml

+
∂(aT V−1a)

∂Dml
]. (12)

The first part of (12) is

∂ln |V|
∂Dml

=
∑
ij

∂ln |V|
∂Vij

· ∂Vij

∂Dml

=
∑
ij

(V−1)ij · (Z · Eml · ZT )ij , (13)

Where Eij is elementary matrix with only nonzero entry of 1
occurring at location (i,j). The second part of (12) is

∂(aT V−1a)
∂Dml

= −aT (V−1 · Z · Eml · ZT · V−1)a.(14)

Base on (13) and (14), (12) can be written as

∂l

∂Dml
= −1

2
[
∑
ij

(V−1)ij · (Z · Eml · ZT )ij

− aT (V−1 · Z · Eml · ZT · V−1)a]. (15)

Therefore (11) can be written as

∂l

∂D
=

∑
ij

(Eml · ∂l

∂Dml
) (16)

3) Fisher scores of parameter σ2: Because the variance of
the noise of the MEM,σ2, is a scalar, the Fisher scores for the
parameter σ2 is a scalar. Based on (6), we have

∂l

∂σ2
= −1

2
[
∂ln |V|

∂σ2
+

∂(aT V−1a)
∂σ2

]. (17)

The first part of (17) is

∂ln |V|
∂σ2

= tr(V−1). (18)

The second part of (17) is

∂(aT V−1a)
∂σ2

= −aT · (V−1)2 · a (19)

Therefore we can write (17) as

∂l

∂σ2
= −1

2
[tr(V−1) − aT · (V−1)2 · a] (20)

We can now calculate the Fisher score with respective to each
parameter using (10),(16) and (20). Based on (7), we can
obtain the complete Fisher score for each data sample as

Uyi
= [

∂l

∂αT
, V ec(

∂l

∂D
),

∂l

∂σ2
], (21)

where V ec(·) is the vectorization of a matrix.

B. Fisher kernel derived from the MEM

After we have the Fisher scores, we can construct the Fisher
kernel based on (3). We use a natural approximation, which
involves sample averaging for the Fisher information matrix
on training and test respectively,

Îtr =
1
n

n∑
k=1

Uytr
k
UT

ytr
k

. (22)

Similarly we obtain Îte. We compute the Fisher kernel from
the training data for the SVM training using,

K(ytr
i ,ytr

j ) =
1
s
Uytr

i
Î
−1
tr UT

ytr
j

, (23)

where ytr
i and ytr

j are two training data samples and s is
scaling constant. We compute the Fisher kernel from the test
data and the support vectors for the test,

K(yte
i ,ysv

j ) =
1
s
Uyte

i
Î
−1
te UT

ysv
j

, (24)

where yte
i is one test data sample and ysv

j is one support
vector. After we have the Fisher kernels, we can use them to
replace the Gaussian kernels in the SVM.

IV. RESULTS

We evaluated the proposed approach, which we refer to as
FKSVM, on single-trial ERP detection. Six professional image
analysts participated in the experiment. The subjects per-
formed target detection and their EEG signals were recorded.
We eliminated one subject because he finished only one test
session. Four subjects had seven test sessions and one subject
had four test sessions. The 32 channel EEG data were collected
and preprocessed as in [15]. The performance is estimated
using the area under the receiver operating characteristic
(ROC) curve (AUC) [16]. We use Delongs non-parametric
approach [17] to compare two correlated AUCs by generating
an estimated covariance matrix. Our null Hypothesis H0 is
that there is not statistically significant difference between the
two correlated AUCs. We used 10-fold cross validation [1]
to select the optimal parameters for each subject (the scaling
constant s and cost parameter C of the FKSVM, the kernel size
σ and cost parameter C for the GKSVM, and the parameters
of the design matrices for the MEM).

A. Comparison of the FKSVM with the MEM

The non-parametric test on two correlated AUC measure-
ments from the FKSVM and the MEM classifiers shows that
the FKSVM achieves significantly better performance than the
MEM. The ROC curves of the FKSVM and the MEM for
the 32 test sessions of the five subjects are shown in Figure
1. This figure shows that the FKSVM achieves substantial
improvement over the MEM in single-trial ERP detection. The
averaged AUCs across five subjects for the FKSVM and the
MEM are 0.89 and 0.85, respectively. The two-tailed p values
for five subjects << 0.05 (p = 0.008, 0.004, 0.001, 0.018
and 0.025 respectively). One can conclude that the difference
between the AUCs from the FKSVM and the MEM is statis-
tically significant and reject H0.



Fig. 1. The test ROC curves of the FKSVM and the MEM for five subjects
(congregate multiple test session outputs for each subject)

TABLE I
TEST PERFORMANCE OF THE FKSVM AND GKSVM FOR FIVE SUBJECTS

Subject FKSVM GKSVM
1 0.95 0.94
2 0.93 0.92
3 0.89 0.85
4 0.77 0.72
5 0.92 0.92

Mean 0.89 0.87

B. Comparison of the FKSVM with the GKSVM

The AUCs of the FKSVM and the GKSVM of the five
subjects are shown in Table I. This table shows that the
FKSVM performs better than the GKSVM on single-trial ERP
detection. The AUCs across five subjects for the FKSVM and
the GKSVM are 0.89 and 0.87, respectively. The two-tailed
p values for five subjects > 0.05. Therefore the difference
between the AUCs from the FKSVM and the GKSVM are
not statistically significant at 95% confidence level.

V. DISCUSSION

We begin with a trained MEM and use this MEM to map
each new data vector we wish to detect into its Fisher score.
We then compute the Fisher kernel function on the basis of
the Euclidean distance between the score vector for the new
ERP example and the score vectors for training examples.
Next we measure the discriminant value for this new ERP
example from the discriminant function of the SVM. Jaakkola
suggests [4] using the Fisher kernel found by setting the Fisher
information matrix to an identity matrix for computational
simplicity. However our data analysis show that the sample
mean approximation in (22) for the Fisher information matrix

produces better performance than an identity matrix. The per-
formance of the FKSVM was compared with that produced by
the generative model (MEM) and a competing discriminative
model (GKSVM). The results show that the proposed method,
which combines the MEM and SVM via the Fisher kernel,
outperforms both the MEM and the SVM used in isolation for
single-trial ERP detection in our data. This general approach
of combining a generative model with a discriminative method
may have applications in other areas of biosignal classification
and analysis as well.
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