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Abstract—Feature selection is a critical step for pattern
recognition and many other applications. Typically, feature
selection strategies can be categorized into wrapper and filter
approaches. Filter approach has attracted much attention
because of its flexibility and computational efficiency.
Previously, we have developed an ICA-MI framework for
feature selection, in which the Mutual Information (M)
between features and class labels was used as the criterion.
However, since this method depends on the linearity assumption,
it is not applicable for an arbitrary distribution. In this paper,
exploiting the fact that Gaussian Mixture Model (GMM) is
generally a suitable tool for estimating probability densities, we
propose GMM-MI method for feature ranking and selection.
We will discuss the details of GMM-MI algorithm and
demonstrate the experimental results. We will also compare the
GMM-MI method with the ICA-MI method in terms of
performance and computational efficiency.

I. INTRODUCTION

EATURE selection and dimensionality reduction is an
important problem for pattern recognition and many other
applications. For example, in communication, transmitting
low dimensional data that contains most of the information is
more desirable than directly sending the original high
dimensional counterpart due to bandwidth limitations. In
pattern recognition context, feature selection and
dimensionality reduction can address the salient features, and
eliminate the irrelevant features; hence, increase the
robustness and improve the generalization performance of the
classification system. Specifically, in geographical and
biomedical signal processing, the dimension of feature space
can be hundreds or thousands, and it is impractical to analyze
these data directly without a dimensionality reduction that
improves generalization.
Dimensionality reduction can be achieved by subspace
projection or feature selection. In subspace projection, the
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original features are projected linearly or non-linearly to a
low dimensional space, which represents major statistics of
the data. There are many existing subspace projection
methods, such as PCA, ICA and LDA [1-5]. However, the
projections that PCA and ICA seek are not necessarily related
to the classification performance, hence are not necessarily
useful in pattern recognition. LDA overcomes this
shortcoming by finding the projections that maximize class
separability. On the other hand, this method relies on a
Gaussian distribution assumption; so it is not applicable for
an arbitrary distribution. Lan et al. developed a subspace
projection framework, which applies linear ICA
transformation and mutual information maximization for
dimensionality reduction in EEG signal classification [6].
This method exhibits several advantages, such as it is
computationally efficient and flexible, and it is also suitable
for high dimensional data; however, the linearity assumption
essentially resulting from ICA limits its applications.

Although subspace projection can effectively remove the
redundant features, the relationship between the projected
features and the original features becomes vague. In some
applications, such as multi-sensor array target detection, and
EEG signal processing, the system can only transmit and
process signals from a certain number of sensors in real-time,
due to the limitation of bandwidth and computation capacity.
In these particular cases, feature selection is more suitable,
which selects a subset from the original feature space. It is
widely accepted that some classification algorithms, such as
decision tree, multi-layer perceptron neural networks have
inherent ability to focus on relevant features and ignore
irrelevant ones [7]. In general, feature selection is achieved
by a feature ranking procedure. Feature selection methods
can be divided into wrapper and filter approaches. Wrapper
approach uses classification accuracy as criterion coupled
with a specific classifier, which requires re-training the
classifier for different combinations of feature sets; hence, it
is slow and inflexible. Filter approach, on the other hand,
ranks and selects features by optimizing some criteria
independent of the classifier, and is more flexible and suitable
for adaptive learning.

In the filter approach, it is important to optimize a criterion
that is relevant to Bayes risk, which is typically measured by
the probability of error. A suitable criterion is the MI between
the selected features and the class labels, motivated by lower
and upper bounds in information theory that relate this
quantity to probability of error [8,9]. As opposed to linear and
second-order statistics such as correlation and covariance, Ml



measures non-linear dependencies between a set of random
variables taking into account higher order statistical
structures existing in the data.

Many feature selection methods have been developed in
the past years [10-12]. Guyon & Elisseeff also reviewed
several approaches used in machine learning context [13]. In
our previous work, we have proposed an ICA-MI method for
feature selection, and applied it on EEG channel selection
[14]. This method exploits the fact that an invertible linear
transformation does not change the MI, and assumes that
linear ICA transformation yields independent features, so that
the MI between feature vectors and class labels can be
conveniently estimated by the direct summation of MI
between each independent projected feature vector and class
labels. However, since the accuracy of this method highly
depends on the performance of linear transformation, it is not
applicable for arbitrary distribution. Actually, if we know the
distribution of the feature vectors, we can directly estimate
the M1 between feature vectors and class labels by definition.
There are several density estimation methods, such as
histogram, GMM, and Kernel density estimation (KDE).
GMM is widely used because (1) it is a more powerful tool as
compared to parametric estimators that only can estimate a
family of density functions; (2) it results in a continuously
differentiable estimation, which is appropriate for gradient
based adaptive learning approaches; (3) it is less
computationally intensive as compared with KDE. This
motives us to use GMM estimating Ml for feature selection.

In this paper, we propose a GMM-MI method for feature
ranking and selection. In the next section, we will discuss the
algorithm in detail. In the experimental result part, we apply
this method on several datasets of UCI machine learning
repository, and EEG dataset collected by Honeywell for the
AugCog project. We also compare this method with the
previous ICA-MI method in terms of accuracy and speed.

Il. GMM-MI ALGORITHM

The goal of feature selection is to improve the
generalization performance of the classification system by
selecting the informative features, without compromising
classification accuracy by throwing away components.
Therefore the feature selection criterion must minimize the
Bayes risk, which typically is classification error in pattern
recognition problem. The average probability of error has
been shown to be related to MI between the feature vectors
and the class labels. Specifically, Fano’s and Hellman &
Raviv’s bounds demonstrate that probability of error is
bounded from below and above by quantities that depend on
the Shannon MI between these variables [8, 9]. Maximizing
this M1 reduces both bounds, therefore, forces the probability
of error to decrease. A similar result was also obtained by
Erdogmus & Principe using Renyi’s MI; a parametric family
of lower and upper bounds for the probability of error was
provided [15,16]. Hellman & Raviv [7] showed that the upper
bound on Bayes error is given by (Hs(c)-Is(x,c))/2, where
Hs(c) is the Shannon entropy of the a priori probabilities of

the classes and Is(x,c) is the Shannon MI between the
continuous-valued feature vectors and the discrete-valued
class labels. Consequently, maximizing the MI between the
selected features and the class labels potentially improves
classification performance, and has drawn much attention [17,
18].

Shannon MI between feature vectors x and c is defined in
terms of the entropies of the overall data and individual
classes as

Is(Xi©) = Hs(x) = X pcH s (x]c) 1)
where p, are the prior class probabilities. The entropy is given
by

H (x) =~ p(x)log p(x)dx )

H(x|c)=~[ p(x|c)log p(x|c)dx
where p(x|c) are the class conditional distributions and the
overall data distribution is

p(x) =X, pep(x|c) 3)

Above equations show that the critical step for this feature
selection method is the entropy estimation. Previously in
ICA-MI method, we estimate entropy by an indirect method.
While in GMM-MI method, since one can approximate an
arbitrary distribution by limited number of Gaussian
components with sufficient amount of data, one can estimate
entropy directly by definition (2). The GMM density
estimation can be written as:

PO = @,G,(x) @)
where G(X) is the distribution of each Gaussian component,

and a  is the corresponding component prior. So the
estimation of overall entropy can be written as:
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where the class conditional entropy is given by:
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where N is the overall data samples and N is the data
samples for class C, x° is the data samples from class C.
Combining (1), (5) and (6), the MI estimation can be written
as:
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Using the MI estimation given by (5)-(7), the GMM-MI
feature ranking algorithm can be described as Procedure 1:

A. Estimate both class densities and overall density for
each feature vector using GMM separately.

B. Estimate the MI between each feature vector and
class labels. Find the feature with maximum MI, and
mark it as opt-subl (optimal subset of 1 feature).

C. Select one of the remaining feature vectors, combine
it with opt-subl to form sub2 (subset of 2 features).
Estimate both class density and overall density of
sub2, and then estimate MI between sub2 and class




labels. Repeat this process for all remaining features,
find the features with maximum MI, and mark them
as opt-sub2.

D. Repeat Step C by increasing one feature at a time,
until all features are ranked in the sense of MI
maximization.

This procedure results in an ordering of features such that
the first d features have maximal MI with class labels. The
choice of d to be used in the application is dependent on the
requirement  for  classification  performance  and
computational cost. Using this search strategy, the
computational complexity is (n+1)n/2 (n is the total number
of features) instead of the 2" of exhaustive evaluation.

In Procedure 1, GMM with certain number of components
is fitted to the data from using the Expectation-Maximization
algorithm [19]. This GMM fitting is required for all
combinations of feature vectors. What’s more, to determine
the optimal number of components, we apply cross-validation
and use several restarts to achieve maximum likelihood.
Therefore, Procedure 1 is time-consuming. We implemented
Procedure 1 with Matlab 7.0.1 on Dell Precision 370 with
single P4 2.8G CPU, 1GB memory. The training datasets
contain 30 dimensional EEG signals, with about 300 samples.
The whole feature ranking procedure took about 125 hours,
which makes GMM-MI algorithm almost impracticable in
real world applications. To overcome this difficulty, we first
use spherical covariance matrix, and assume that the number
of optimal components for all features is identical to that for
different combinations of feature subsets. In this way, one
only needs to do the cross-validation once for all features at
the beginning, and pick rows and columns from the mean
vectors and covariance matrices for the corresponding
features. Under this assumption, the GMM-MI algorithm is
revised as procedure 2:

A. Use cross-validation to determine the optimal
number of components for each class and overall
data for all feature vectors. Estimate both class
densities and overall density for all feature vectors
using GMM. Get the mean vectors and covariance
matrices for each component.

B. Pick the corresponding rows and columns from
mean vectors and covariance matrices (generated in
A), and estimate density for each feature vector.
Estimate the MI between each feature vector and
class labels. Find the feature with maximum MI, and
mark it as opt-subl (optimal subset of 1 feature).

C. Pick one in the remaining feature vectors, combine it
with opt-subl to form sub2 (subset of 2 features).
Find the corresponding rows and columns from
mean vectors and covariance matrices (generated in
A), form the new mean vectors and covariance
matrices, and estimate both class densities and
overall density of sub2, and then estimate MI
between sub2 and class labels. Repeat this process
for all remaining features, find the features with
maximum MI, and mark it as opt-sub2.

Repeat Step C by increasing one feature at a time, until all
features are ranked in the sense of MI maximization.

We implemented Procedure 2 on the same software and
hardwire platform. The training datasets are identical to
above experiment. Resulting in a better computational
efficiency, the whole feature ranking procedure took about 10
minutes for this simulation. In the next section, we will show
the different feature ranking results from both procedures on
the same training set.

I1l. EXPERIMENTS AND RESULTS

In this section, we will show experimental results by
applying the proposed GMM-MI algorithm on Iris data and
Wisconsin breast cancer data from UCI machine learning
repository [20]. We also implemented the algorithm on EEG
data collected by Honeywell in AugCog project. As a
comparison, we also implemented the previous ICA-MI
algorithm on the same datasets.

A. UCI machine learning repository

In this experiment, we applied both GMM-MI and ICA-MI
on Iris and Wisconsin breast cancer datasets. For experiments
using GMM-MI, the applied procedure that can be described
as:

1. Randomly split data into training and testing sets.

2. Use training data to fit GMM by 5-fold
cross-validation. Use the trained GMM model,
together with training data to do feature ranking (If
not mentioned, procedure 2 is used throughout the
simulations).

3. Use the trained GMM maodel to form a parametric
Bayes classifier, and use this classifier to do the
classification on the ranked features.

4. Repeat 1-3 for 10 Monte Carlo runs, record the
feature ranking indices for each time, and average
the classification accuracy over 10 times.

For experiments using ICA-MI, the only difference is the
second step, in which the ICA-MI algorithm was applied to
rank the features. The feature ranking results for both datasets
are shown in Table I and 11, and the classification accuracies
in Fig. 1 and 2. As a comparison, we also apply the Bayes
error based wrapper approach for feature ranking. The results
are shown in Fig. 1 and 2.

Experimental results show that in Iris and Wisconsin breast
cancer data, GMM-MI exhibits more accuracy than ICA-MI.
Visualizing each feature in iris data, feature 3 and 4 exhibit
much higher separability than feature 1 and 2. Table | shows
that GMM-MI reflects this fact without any problem; while
ICA-MI yields inaccurate results (rank feature 4 as the least
important feature). The ranking results of Wisconsin breast
cancer (Table Il) are consistent with the separability of the
each feature. The classification accuracy curve in Fig. 1 and 2
also demonstrates that GMM-MI works better than ICA-MI
for these two datasets. Despite the better performance,
GMM-MI is very slow compared with ICA-MI (about 100
times slower according to Table I and Il). Fig. 1 and 2 also
show the feature ranking results using Bayes error as criterion.
Obviously, the results are better than GMM-MI and ICA-MI
methods, because this method is optimal to selected GMM



TABLE
FEATURE RANKING RESULTS FOR IRIS DATA

TABLEII
FEATURE RANKING RESULTS FOR WISCONSIN BREAST CANCER DATA

Average CPU time (second) Ranking indices

3 4 2 1(9times)
CMM-MI 50.69 34 1 2(1time)
ICA-MI 0.07

3 1 2 4(10times)

The second row shows the feature ranking results by GMM-MI method;
the third row shows feature ranking results by ICA-MI method.

The second column shows the run-time for two methods (based on P4
2.8G CPU). These numbers only give the reader a concept about the
efficiency of two methods.

The third column shows the feature indices for 10 Monte Carlo runs.

Classification rate vs. number of best features
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Fig. 1. Classification accuracy for Iris data by GMM-MI, ICA-MI and Bayes
error based algorithms. The classification accuracy is the average over 10
Monte Carlo simulations.

classifier. However, since it requires combinational learning,
it is much slower than both GMM-MI and ICA-MI. And the
classification results obtained by ranked feature have only
slight difference compared with error based approach.

B. EEG dataset

We also applied the proposed GMM-MI method on EEG
dataset collected by Honeywell in Augmented Cognition
(AugCog) project. The aim of AugCog project is to enhance
the task-related performance of a human user through
computer mediated assistance based on assessments of
cognitive state from EEG signals. In this experiment, the
subject executed the predefined tasks, which correspond to
the different level of brain activities (high and low). The EEG
data was pre-processed by removing the muscular artifacts,
filtering out irrelevant frequency bands. Power Spectrum
Density features are extracted in 30 dimensions (for more

information about AugCog project, please refer to [6, 14, 21]).

The experimental procedure is similar to that for Iris and
Wisconsin breast cancer datasets, except for two differences:
1) in AugCog projection, we have two data files, one is used
as training, the other is used as testing; 2) we did not use
Monte Carlo procedure. The ranking results and classification
accuracy are shown in Table Il and Fig. 3. As reference, we
also list the ranking results by GMM-MI Procedure 1
mentioned in section II.
1) The experimental results on EEG dataset also validate
that ICA-MI is much faster than GMM-MI. From
performance point of view, both GMM-MI and ICA-MI

Average CPU time (second) Ranking indices

265493718

261849573

261859743

361849572

261459738

GMM-MI 314.99 261845793
268549137

261457983

261849573

261459738

369584721

369584721

369584127

369584721

369584721

ICAMI 235 369584721
369587241

369584127

369584721

369584721

|

The second row shows the feature ranking results by GMM-MI method; the
third row shows feature ranking results by ICA-MI method.

The second column shows the run-time for two methods (based on P4
2.8G CPU). These numbers only give the reader a concept about the
efficiency of two methods.

The third column shows the feature indices for 10 Monte Carlo runs.

Classification rate vs. number of best features

Classification rate

n best features

Fig. 2. Classification accuracy for Wisconsin breast cancer data by
GMM-MI, ICA-MI and Bayes error based algorithms. The classification
accuracy is the average over 10 Monte Carlo simulations.

exhibit certain degree of consistency. However, none of
them is superior to the other: if we only want to select 3-5
features, ICA-MI yields better performance. If we want
to select 15-20 features, GMM-MI yields Dbetter
performance. For the ICA-MI algorithm, as we
mentioned before, linear assumption might degrade the
accuracy of MI estimation. For GMM-MI algorithm,
there could be two reasons: 1) by using Procedure 2 to
replace Procedure 1, we assume that the optimal numbers
of components are identical for different combination of
features, this might not hold in some cases; 2) we do not
have enough data. Consider we are working on 30
dimensions, but we only use about 300 data samples to fit
GMM model



TABLE Il
FEATURE RANKING RESULTS FOR AUGCOG EEG DATA

Average CPU S
time (second) Ranking indices
GMM-MI 243237118302420269612917
558.86 16105181412 1921282527 1513
(Procedure 2) 2
24183221323297162825142725
ICA-MI 2.86 6110111982043091521171226
24422181498231629272031219
GMM-MI | About125 |17 967 65 1525 528 213011 1 10 13
(Procedure 1) hours

The second row shows the feature ranking results by GMM-MI method; the
third row shows feature ranking results by ICA-MI method. the fourth row

also show the feature ranking results by using GMM-MI method procedure
1.

The second column shows the run-time for two methods (based on P4
2.8G CPU). These numbers only give the reader a concept about the
efficiency of two methods.

The third column shows the feature indices for 10 Monte Carlo runs.

Classification rate vs. number of best features
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Fig. 3. Classification accuracy for EEG data by GMM-MI and ICA-MI
algorithms.

IV. CONCLUSION

In this paper, we proposed a feature ranking and selection
method: GMM-MI algorithm. This method exploits the fact
that GMM is a widely accepted density estimator for an
arbitrary distribution, and can be used for entropy estimator.
In section I, this method is described in detail, and an
approximation is used for reducing the computational
requirement. Experiments on Iris, Wisconsin breast cancer,
and EEG data show that GMM-MI can partly overcome the
non-linear problem that ICA-MI has. However, because it is
much slower than ICA-MI, and its accuracy will be impaired
in higher dimension when there is no enough training data,
this method can be used as a supplement to our existing
method. We also show the feature ranking results by using
Bayse error criterion for Iris and Wisconsin breast cancer data,
experimental results show that this method is optimal to
selected GMM classifier; however, it is too slow to use in real
time AugCog application.

Knowing the shortcomings of both GMM-MI and ICA-MI
algorithms, the future work will focus on two aspects: 1)
improving the performance of ICA transformation, in order to

increase the accuracy of MI estimation; 2) accelerating the
GMM algorithm to reduce the computational requirement for
GMM fitting.
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