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Abstract. Principal components analysis is an important and well-studied subject in statistics and signal
processing. Several algorithms for solving this problem exist, and could be mostly grouped into one of the
following three approaches: adaptation based on Hebbian updates and deflation, optimization of a second order
statistical criterion (like reconstruction error or output variance), and fixed point update rules with deflation. In
this study, we propose an alternate approach that avoids deflation and gradient-search techniques. The proposed
method is an on-line procedure based on recursively updating the eigenvector and eigenvalue matrices with
every new sample such that the estimates approximately track their true values as would be calculated
analytically from the current sample estimate of the data covariance matrix. The perturbation technique is
theoretically shown to be applicable for recursive canonical correlation analysis, as well. The performance of
this algorithm is compared with that of a structurally similar matrix perturbation-based method and also with a
few other traditional methods like Sanger’s rule and APEX.
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1. Introduction exist, which can solve PCA once the entire input data

is known [5]. However, most of the analytical

Principal component analysis (PCA) is a well-known
statistical technique that has been widely applied to
solve important signal-processing problems like
feature extraction, signal estimation, detection and
speech separation [1-4]. Many analytical techniques

methods require extensive matrix operations and
hence they are unsuited for real-time applications.
Further, in many applications such as direction of
arrival (DOA) tracking, adaptive subspace estima-
tion, etc., signal statistics change over time rendering
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the block methods virtually unacceptable. In such
cases, fast, adaptive, on-line solutions are desirable.
Majority of the existing algorithms for PCA are
based on standard gradient procedures [2, 3, 6-9],
which are extremely slow converging, and their
performance heavily depends on step-sizes used. To
alleviate this, subspace methods have been explored
[10-12]. However, many of these subspace techni-
ques are computationally intensive. The recently
proposed fixed-point PCA algorithm [13] showed
fast convergence with little or no change in com-
plexity compared with gradient methods. However,
this method and most of the existing methods in
literature rely on using the standard deflation
technique, which brings in sequential convergence
of principal components that potentially reduces the
overall speed of convergence.

We recently explored a simultaneous principal
component extraction algorithm called SIPEX [14]
which reduced the gradient search only to the space
of orthonormal matrices by using Givens rotations.
Although SIPEX resulted in fast and simultaneous
convergence of all principal components, the algo-
rithm suffered from high computational complexity
due to the involved trigonometric function evalua-
tions. A recently proposed alternative approach
suggested iterating the eigenvector estimates using
a first order matrix perturbation formalism for the
sample covariance estimate with every new sample
obtained in real time [15]. However, the performance
(speed and accuracy) of this algorithm is hindered by
the general Toeplitz structure of the perturbed
covariance matrix. In this paper, we will present an
algorithm that undertakes a similar perturbation
approach, but in contrast, the covariance matrix will
be decomposed into its eigenvectors and eigenvalues
at all times, which will reduce the perturbation step
to be employed on the diagonal eigenvalue matrix.
This further restriction of structure, as expected,
alleviates the difficulties encountered in the opera-
tion of the previous first order perturbation algo-
rithm, resulting in a fast converging and accurate
subspace tracking algorithm.

This paper is organized as follows. First, we
present a brief definition of the PCA problem to
have a self-contained paper. Second, the proposed
recursive PCA algorithm (RPCA) is motivated,
derived, and extended to non-stationary and com-
plex-valued signal situations. The technique is also

illustrated on canonical correlation analysis, which is
a generalized eigenvector problem. Next, a set of
computer experiments is presented to demonstrate
the convergence speed and accuracy characteristics
of RPCA. Finally, we conclude the paper with
remarks and observations about the algorithm.

2. Problem Definition

As pointed out earlier in the introduction, PCA is a
well-defined problem and has been extensively
studied in the literature. However, for the sake of
completeness, we will provide a brief definition of
the problem in this section. Without loss of gener-
ality, let us consider that x is a real-valued zero-
mean, n-dimensional random vector. We write its n
projections yj,...,y, as y; = ijx, where w;’s are n-
dimensional unit—norm vectors, corresponding to the
projection of x. The first principal component
direction is defined as the solution to the following
constrained optimization problem, where R is the
input covariance matrix:

w; = arg max w’ Rw subject to w'w = 1 (1)
w

By introducing additional constraints wherein the
subsequent components are enforced to be orthogo-
nal with the previously discovered ones, we define
the subsequent principal components as:

w; = arg maxw!/ Rw,s.t. ww =1, w w,
w

=0,1<j (2)

The overall solution to this problem turns out to be
the eigenvector matrix of the input covariance R. In
particular, the principal component directions are
given by the eigenvectors of R arranged according to
their corresponding eigenvalues (largest to smallest)
[5].

However, in many signal processing applications,
there are many instances when samples are acquired
one at a time and therefore the computations need to
be done, real time with just the available samples.
Specifically, the solution demands sample-by-sample
update rules for the covariance and its eigenvector
estimates. In such situation, it is not practical to



update the input covariance estimate and solve a full
eigen decomposition problem per sample for an
analytical solution. A better alternative lies in
utilizing the recursive structure of the covariance
estimate to come up with a recursive formula for
estimating the eigenvectors. This will be described in
the next section.

3. Recursive PCA Description

Suppose, at time k, we have a sequence of n-
dimensional zero-mean wide-sense stationary input
vectors X;. The sample covariance estimate at time k
for the input vector is'

1< (k—1) 1
R, = E;XIX? = 3 Ri_| + szXII; (3)

LetR; = QA:Qf and Ry = Q, ,Ar1Q] ,, where
Q and A denote the orthonormal eigenvector and
diagonal eigenvalue matrices, respectively. Also define
a; = Ql_lxk. Substituting these definitions in Eq. (3),
the recursive formula for the eigenvectors and eigen-
values can be written as:

QukA)Qf = Q; [(k— A1 + e |Q[, (4)

If we denote the eigen decomposition of the matrix
[(k—1)Ar1 +ogaf], as ViDVy, where V is
orthonormal and D is diagonal, Eq. (4) becomes

Q. (kA)Qf = Q,_, ViDrV;Q;_, (5)

It is easy to see from Eq. (5) that the recursive update
rules for the eigenvectors and the eigenvalues turn out
to be:

gk B Sk—lvk ( 6)
r = Dy/k
In spite of the fact that the matrix [(k — 1)As_1+
aal] has a special structure much simpler than that of
a general covariance matrix, determining the eigende-
composition VkaVZ analytically is difficult. As we
show in the next section, if & is large, the problem can
be solved in a much simpler way using a matrix
perturbation analysis approach.
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3.1. Perturbation Analysis for Rank-One Update

Consider the matrix [(k — DA + aka,ﬂ; for large
k, this matrix becomes diagonally dominant and
therefore its eigenvalues will be close to (k—1)A;—;
and also, its eigenvectors will also be close to
identity (i.e., the eigenvectors of the diagonal portion
of the sum).

In summary, the problem reduces to finding the
eigendecomposition of a matrix in the form (A+aa’),
i.e., a rank-one update on a diagonal matrix A, using
the following approximations: D=A+P, and
V=I+Py, where P, and Py are small perturbation
matrices. The eigenvalue perturbation matrix P, is
naturally diagonal. With these definitions, when VDV’
is expanded, we get

VDV’ = (I+Py)(A+Py)(I+Py)’
= A+ APy + Py + PyP + PyA
+ PyAPY, + PyP, + PyP, P},
= A+P, +DPl +PyD
+ PyAPY, + PyP,P}, (7)

Assuming that the terms PVAP{, and PVPAP{, are
negligible, equating Eq. (7) to (A+aa") yields,

aa’ =P, +DPy + PyD (8)

Knowing that V is orthonormal and therefore
substituting V=I4+P, in VV'=I and assuming that
PyP} ~ 0, we have Py = —PY,.

Utilizing the fact that P, and D are diagonal, the
solution for the perturbation matrices are found from
Eq. (8) as follows:

o? = (i,i)"element of Py

Q;Q
. 2 922 __ .2
Ajt+ o =2 — o

= (i,j)"element of Py, i ;éj}

0 = (i,i)"element of Py

©)

where A;, A; are the diagonal elements of the eigen
value matrix (k—1)Az—;.
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3.2. The Recursive PCA Algorithm

The RPCA algorithm is summarized in Table 1.
There are a few practical issues regarding the
operation of the algorithm, which will be addressed
in this subsection.

Selecting the memory depth parameter For station-
ary cases, we weight all the samples equally and
therefore set Ay = 1/k in Eq. (3). In a non-stationary
environment, a first-order dynamical forgetting strat-
egy could be employed by selecting a fixed decay
rate. Setting A, =4, in Eq. (3) would lead to:

R = (1 — )Ry + Axpx; (10)

where, 1€(0,1) is selected to be very small.
Considering that the average memory depth of this
recursion is 1/4 samples, the selection of this
parameter presents a trade-off between tracking
capability and estimation variance.

Initializing the eigenvectors and the eigenvalues One
can simply initialize the estimated eigenvector to
identity (Qo=I) and the eigenvalues to the sample
variances of each input entry over N, samples
(Ap=diagRy,). We then start the iterations over the
samples k=1,..., N and set the memory depth parameter
to Ax=1/(k — 1 + y). Effectively this corresponds to

Table 1. The recursive PCA algorithm outline.

RPCA algorithm summary

1. Initialize Qg and A

2. At each time instant £ do the following:
a. Get input sample x;
b. Set memory depth parameter A,
c. Calculate o, = Q! x;

d. Find perturbations Py and P, corresponding to

(1 — /‘Lk)Ak—l “rlkllkll,{

e. Update eigenvector and eigenvalue matrices:

Q =Q; (I+Py)

A= (1—=2)Ar—1 + Py _
f. Normalize the norms of eigenvector estimates by Q, = Q; Tk,
where T, is a diagonal matrix containing the inverses of the
norms of each column of Q,

g. Correct eigenvalue estimates by A, = KkT;z, where T;Z is a
diagonal matrix containing the squared norms of the columns

of Q

the following biased (but asymptotically unbiased as
N—o0) covariance estimate:
RNA,biased:N]_\’I_yRN“"NiyAO (11)

This initialization strategy is utilized in the
computer experiments that are presented in the
following sections.” In the non-stationary case (i.e.,
A=A), the same initialization strategy can be used
i.e., Qo=I and Ay=diagRyo. The initialization bias is
not a problem, since its effect will diminish in
accordance with the forgetting time constant any-
way. Also, in order to guarantee the accuracy of the
first order perturbation approximation, we need to
choose the forgetting factor 4 such that (1—21)/4 is
large. Typically, a forgetting factor A<10~ 2 will
yield accurate results.

The RPCA algorithm extends to complex-valued
signills easily: we employ Py = —P’é leading to
aia; /(A + |aj|* — 4; — |eu|*)for off-diagonal entries,
and P, is |o;|* on the diagonal.

3.3. Recursive Canonical Correlation Analysis

The matrix perturbation analysis can be extended to
canonical correlation analysis (CCA) in order to obtain
a recursive on-line CCA algorithm similar to the
Recursive PCA algorithm. We start by briefly discus-
sing the CCA formulation. Given two vectors x; and
X,, the goal of CCA is to find two projections w; and
w, such that the correlation coefficient of y; = w{xl
and y, = ngz is maximized. This is equivalent to
solving the following generalized eigenvector problem
AQ = BQA, where Q is the generalized eigenvector
matrix and the largest eigenvector q, = [w/,w1]" and
the matrices of interest are defined in terms of the auto-
and cross-covariance matrices of the data x; and x,,
denoted by Ry, Rss, Ry, and Ry [16]:

| 0 Rp _|Riy 0
L] ] o

Adding BQ to both sides, and defining C = A + B,
A=A+1 an equivalent problem is obtained:
CQ=BQA. Notice that C is the covariance of the
concatenated data vector X = [xlr,xg]T, whereas B is
the concatenation of the individual covariance matrices.

In on-line operation, as the samples arrive, we
assume that the covariance matrices are updated
using the following update rule (with a time-varying



forgetting factor as discussed in RPCA if the data is
stationary):

Ck = (1 *A)Ck_l +)“ka£
B, = (1 —2)B;_; + AU U]

X1k 0 ]
0 xy

(13)
where U, = {

For small A (i.e., after a large number of samples
have been processed in the stationary case), these
rank-one and rank-two updates of C and B will not
change the eigenvectors and the eigenvalues drasti-
cally. Therefore, similar to RPCA, we assume that
the following update rules for both matrices are
valid with Py and P, denoting the corresponding
perturbations:

Q= QI+ Py)Ar = A1 + Py (14)

At all time instants including time k, the eigenvector
equation must be satisfied by the eigenvector and
eigenvalue estimates: C,Q;=B;Q;A;. Substituting
Egs. (13) and (14) into this equation and exploiting
the fact that the equation was satisfied at time instant
k—1, we obtain the following relationship after some
rearranging and cancellation of appropriate terms
(specifically higher order terms due to the small
perturbation assumption):

PyAj_1 + Py

T
XX, Qpy

=1QI B;!
QiBy ~U Ui Q1 Ak

(15)

The inverse of B, can be iteratively updated similar
to RLS, using the matrix inversion lemma [17].
Since the update at each time instant is of rank-two,
the update rule involves inverting a 2x2 matrix,
which is still computationally simple. After the
application of the inversion lemma on the update of
B, given in Eq. (13), the update rule for its inverse is
obtained as:

! -1
Tz B~

1 1 IR S
mBk—IIU/\' (IIZH + UZBk—lIU/‘> UiB.,

B;' =

(16)

Substituting Eq. (16) into Eq. (15), the expression
for P = PyA;_; + P, is obtained in terms of past
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estimates of the eigenvectors, eigenvalues, and the
inverse data covariances (as in RLS). Knowing P is
not sufficient to determine both Py and P,., we need
to utilize the following constraint on the eigenvectors
as well: Q"BQ=I. Defining T = Qlek and
substituting Eq. (14) in this constraint as well as
the update rule for B from Eq. (13), after some
manipulations the following additional equation
restricting the construction of Py is obtained:

(1-2)(Py +Py)+
T T 17 T (17)

APy + PYIy ) = A(TWIy — 1)
Substituting the fact Py = A,j_ll (P —P,) in Eq. (17),
we obtain the following expression from which the
diagonal matrix P, can be determined:

2(1=2)D+TD+DT; =X

D=A"P,

T, = I (18)
Z: (1=2)(AL P +PIA )+
ATA P +PTA TY) — AT, — 1)

The iterative steps followed by the perturbation-
based recursive CCA algorithm can be summarized
as follow: Obtain new data, update B, according to
Eq. (16), calculate P using Eq. (15), solve for D and
from that P, using Eq. (18). Finally evaluate
Py = A_', (P —P,). Once Py and P, are calculated,
the eigenvectors and eigenvalues are updated according
to Eq. (14). Both matrices can be initialized
appropriately in many ways (similar to those
discussed in the RPCA section). The forgetting factor
can be made time-varying to utilize all data samples for
stationary signals, and the perturbation approximation
errors can be made arbitrarily small by selecting
smaller values for A at the cost of longer convergence
time.

4. Numerical Experiments

In this section, we perform simulations to demon-
strate the capability of our proposed technique to find
an on-line PCA solution. As we noted earlier, there
already exists a rich literature on estimating PCA



90  Hegde et al.

solution. Therefore, we avoid an exhaustive compar-
ison of the proposed method with all the existing
algorithms. Instead, we present a comparison with a
structurally similar algorithm (which is also based on
first order matrix perturbations) [15]. Without going
into explicit numerical results, we also comment on
the performances of traditional benchmark algorithms
like Sanger’s rule and APEX in similar setups.

4.1. Convergence Speed Analysis

In the first experimental setup, the goal is to
investigate the convergence speed and accuracy of
the proposed RPCA algorithm. Note that theoretical-
ly the covariance estimator in Eq. (3) converges at a
rate of 1/k in terms of estimation variance for each
entry, while it is always unbiased. In practice, the
initial covariance estimate is arbitrarily selected and
this leads to a biased estimate as shown in Eq. (11).
The bias introduced by this initialization also decays
at the rate of 1/k. Thus, the RPCA algorithm is
expected to converge to the true eigendecomposition
at a rate of 1/k in the case of stationary signals. In the
case of nonstationary signals, a constant forgetting
factor is introduced in Eq. (10). The expected value
of this estimator converges to the true covariance
exponentially as (1—24)". The variances of the
estimated R matrix entries never converge to zero,
since this recursion has an exponential memory.
However, it decays exponentially at the same rate as
the bias to its final value, the fourth order joint
moment matrix: E[(R—E[R])(R—E[R])T]—
E[xx"xx"]. The actual convergence rate depends on
the actual data distribution, but as an example, for
Gaussian x, this final value would be on the order of
the square of the covariance of x.

Consider that n-dimensional random vectors are
drawn from a normal distribution with an arbitrary
covariance matrix. In particular, the theoretical
covariance matrix of the data is given by AA”,
where A is an nxn real-valued matrix whose entries
are drawn from a zero-mean unit-variance Gaussian
distribution. This process results in a wide range of
eigenspreads (as shown in Fig. 1), therefore the
convergence results shown here encompass such
effects.

Specifically, the results of the 3-dimensional case
study are presented here, where the data is generated
by 3-dimensional normal distributions with random-

ly selected covariance matrices. A total of 1,000
simulations (Monte Carlo runs) are carried out for
each of the three target eigenvector estimation
accuracies (measured in terms of degrees between
the estimated and actual eigenvectors): 10°, 5°, and
2°. The convergence time is measured in terms of
number of iterations it takes the algorithm to
converge to the target eigenvector accuracy in all
eigenvectors (not just the principal component). The
histograms of convergence times (up to 10,000
samples) for these three target accuracies are shown
in Fig. 2, where everything above 10,000 is also
lumped into the last bin. In these Monte Carlo runs,
the initial eigenvector estimates were set to the
identity matrix and the randomly selected data
covariance matrices were forced to have eigenvec-
tors such that all the initial eigenvector estimation
errors were at least 25°. The initial y value was set to
400 and the decay time constant was selected to be
50 samples. Values in this range were found to work
best in terms of final accuracy and convergence
speed in extensive Monte Carlo runs.

It is expected that there are some cases, especially
those with high eigenspreads, which require a very
large number of samples to achieve very accurate
eigenvector estimations, especially for the minor
components. The number of iterations required for
convergence to a certain accuracy level is also
expected to increase with the dimensionality of the
problem. For example, in the 3-dimensional case,

Histogram of Eigenspread of AAT
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Figure 1. Distribution of eigenspread values for AA”, where
Aj,; is generated to have Gaussian distributed random entries.
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Figure 2. The convergence time histograms for RPCA in the
3-dimensional case for three different target accuracy levels.

about 2% of the simulations failed to converge
within 10° in 10,000 on-line iterations, whereas this
ratio is about 17% for five dimensions. The failure to
converge within the given number of iterations is
observed for eigenspreads over 5x 10,

In a similar setup, Sanger’s rule achieves a mean
convergence speed of 8,400 iterations with a stan-
dard deviation of 2,600 iterations. This results in an
average eigenvector direction error of about 9° with
a standard deviation of 8°. APEX on the other hand
converges rarely to within 10°. Its average eigenvec-
tor direction error is about 30° with a standard
deviation of 15°.

4.2.  Comparison with First Order Perturbation PCA

The first order perturbation PCA algorithm [15] is
structurally similar to the RPCA algorithm presented
here. The main difference is the nature of the
perturbed matrix: the former works on a perturbation
approximation for the complete covariance matrix,
whereas the latter considers the perturbation of a
diagonal matrix. We expect this structural restriction
to improve performance in terms of overall algo-
rithm performance. To test this hypothesis, an
experimental setup similar to the one in Section 4.1
is utilized. This time, however, the data is generated
by a colored time-series using a time-delay line
(making the procedure a temporal PCA case study).
Gaussian white noise is colored using a two-pole

Perturbation-Based Eigenvector Updates 91

filter whose poles are selected from a random
uniform distribution on the interval (0,1). A set of
15 Monte Carlo simulations was run on 3-dimen-
sional data generated according to this procedure.
The two parameters of the first order perturbation
method were set to £=107°/6.5 and §=10"2 The
parameters of RPCA were set to y,=300 and 7=100.
The average eigenvector direction estimation
convergence curves are shown in Fig. 3.

Often, signal subspace tracking is necessary in
signal processing applications dealing with nonsta-
tionary signals. To illustrate the performance of
RPCA for such cases, a piecewise stationary colored
noise sequence is generated by filtering white
Gaussian noise with single-pole filters with the
following poles: 0.5, 0.7, 0.3, 0.9 (in order of
appearance). The forgetting factor is set to a constant
A=10"°. The two parameters of the first order
perturbation method were again set to £=10"°/6.5
and 6=10"2 The results of 30 Monte Carlo runs
were averaged to obtain Fig. 4.

4.3. Direction of Arrival Estimation

Applicability of RPCA, as a subspace method to
estimate the directions of arrival in sensor arrays is
presented here. In Fig. 5, a sample run from a
computer simulation of DOA according to the
experimental setup described in [14] is presented to

Angle between the actual eig ctors and

i eigenvectors

Direction error in degrees

5 , , ] . ; ; : ;
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Iterations
Figure 3. The average eigenvector direction estimation errors

versus iterations are shown for the first order perturbation method
(thin dotted lines) and for RPCA (thick solid lines).
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illustrate the performance of the complex-valued
RPCA algorithm. To provide a benchmark (and an
upper limit in convergence speed, we also performed
this simulation using Matlab’s eig function several
times on the sample covariance estimate. The latter
typically converged to the final accuracy demon-
strated here within 10-20 samples. The RPCA
estimates on the other hand take a few hundred
samples due to the transient in the y value. The
difference is that, while the typical DOA algorithm
converts the complex PCA problem into a structured
PCA problem with double the number of dimen-
sions, the RPCA algorithm works directly with the
complex-valued input vectors to solve the original
complex PCA problem.

4.4. An Example with 20 Dimensions

To demonstrate the applicability to higher dimen-
sional situations, an example with 20 dimensions is
presented here. In high dimensional situations, the
PCA algorithms generally struggle to converge
because the interplay between two competing
structural properties of the eigenspace. In particular,
these two characteristics are the eigenspread
(maxA;/minA;) and the distribution of ratios of
consecutive eigenvalues (4,/4,,—1,...,A2/A1) when they

Angle between the actual eigenvectors and estimated eigenvectors
70 T T T T T T T T T

60 1

Direction Error in Degrees

0 02 04 06 08 1 12 14 16 18 2

Iterations x 10"

Figure 4. The average eigenvector director estimation errors
versus iterations for the first order perturbation method (thin dotted
lines) and for the RPCA (thick solid lines) in a piecewise
stationary situation are shown. The eigenstructure of the input
abruptly changes every 5,000 samples.

Direction of Arrival Estimation in a Linear Sensor Array

Source directions and their estimates

n L

0 1 2 3

10 10 10 10
Iterations

Figure 5. Direction of arrival estimation using complex-valued
RPCA in a 3-source 6-sensor case.

are ordered from largest to smallest (where 1,>...>4,
are the ordered eigenvalues). It is always desirable to
have reasonably low or moderate eigen spreads in
order to avoid the problem slow convergence, which
mainly occurs due to the scarcity of samples repre-
senting the minor components. In small dimensional
problems, this is typically the dominant issue that
controls the convergence speeds of PCA algorithms.

Convergence of Estimated Eigenvalues in a 20 Dimensional Problem
70 T T T T T T T T T

Directions Error in Degrees

0 0.5 1 1.5 2 25 3 3.5 4 45 5
Iterations 5

Figure 6. The angle error between the estimated eigenvectors
(using RPCA) and their corresponding true eigenvectors in a 20-
dimensional PCA problem is shown versus on-line iterations.



On the other hand, as the dimensionality increases,
while very large eigenspreads are still undesirable
due to the same reason, smaller and previously
acceptable eigenspread values too become undesir-
able because consecutive eigenvalues approach each
other. This causes the discriminability of the
eigenvectors corresponding to these eigenvalues
diminish as their ratio approaches unity. Therefore,
the trade-off between small and large eigenspreads
becomes significantly difficult. Ideally, the ratios
between consecutive eigenvalues must be identical
for equal discriminability of all subspace compo-
nents. Variations from this uniformity will result in
faster convergence in some eigenvectors, while
others will suffer from almost spherical subspaces
indiscriminability.

In Fig. 6, the convergence of the 20 estimated
eigenvectors to their corresponding true values is
illustrated in terms of the angle between them (in
degrees) versus the number of on-line iterations.
The data is generated by a 20-dimensional jointly
Gaussian distribution with zero-mean, and a co-
variance matrix with eigenvalues equal to the
powers (from O to 19) of 1.5 and eigenvectors
selected randomly (corresponding to an eigen-
spread of 1.5'9~2217). This result is typical of
higher dimensional cases where major components
converge relatively fast and minor components take
much longer (in terms of samples and iterations) to
reach the same level of accuracy.

5. Conclusions

In this paper, a novel perturbation-based fixed-point
algorithm for subspace tracking is presented. The
fast tracking capability is enabled by the recursive
nature of the complete eigenvector matrix updates.
The proposed algorithm facilitates real-time im-
plementation since the recursions are based on
well-structured matrix multiplications that are the
consequences of the rank-one perturbation updates
exploited in the derivation of the algorithm.
Extension of this technique to CCA analysis
resulted in obtaining an on-line recursive CCA
algorithm. Performance comparisons with tradi-
tional algorithms, as well as a structurally similar
perturbation-based approach demonstrated the
advantages of the recursive PCA algorithm in
terms of convergence speed and accuracy.
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Notes

1. In practice, if the samples are not generated by a zero-mean
process, a running sample mean estimator could be employed
to compensate for this fact. Then this biased estimator can be
replaced by the unbiased version and the following derivations
can be modified accordingly.

2. A further modification that might be installed is to use a time-
varying y value. In the experiments, we used an exponentially
decaying profile for y,y=yoexp(—k/7). This forces the covari-
ance estimation bias to diminish even faster.

References

1. R.O. Duda and P.E. Hart, “Pattern Classification and Scene
Analysis,” Wiley, New York, 1973.

2. S.Y. Kung, K.I. Diamantaras, and J.S. Taur, “Adaptive Principal
Component Extraction (APEX) and Applications,” IEEE Trans.
Signal Process., vol. 42, no. 5, 1994, pp. 1202-1217.

3. J. Mao and A.K. Jain, “Artificial Neural Networks for Feature
Extraction and Multivariate Data Projection,” IEEE Trans.
Neural Netw., vol. 6, no. 2, 1995, pp. 296-317.

4. Y. Cao, S. Sridharan, and M. Moody, “Multichannel Speech
Separation by Eigendecomposition and its Application to Co-
Talker Interference Removal,” IEEE Trans. Speech Audio
Process., vol. 5, no. 3, 1997, pp. 209-219.

5. G. Golub and C.V. Loan, “Matrix Computation,” Johns
Hopkins University Press, Baltimore, Maryland, 1993.

6. E. Oja, “Subspace Methods for Pattern Recognition,” Wiley,
New York, 1983.

7. T.D. Sanger, “Optimal Unsupervised Learning in a Single
Layer Linear Feedforward Neural Network,” Neural Netw.,
vol. 2, no. 6, 1989, pp. 459—473.

8. J. Rubner and K. Schulten, “Development of Feature
Detectors by Self Organization,” Biol. Cybern., vol. 62,
1990, pp. 193-199.

9. J. Rubner and P. Tavan, “A Self Organizing Network for
Principal Component Analysis,” Europhys. Lett., vol. 10,
1989, pp. 693-698.

10. L. Xu, “Least Mean Square Error Reconstruction Principle
for Self-Organizing Neural-Nets,” Neural Netw., vol. 6, 1993,
pp. 627-648.

11. B. Yang, “Projection Approximation Subspace Tracking,”
IEEE Trans. Signal Process., vol. 43, no. 1, 1995, pp. 95-107.

12. Y. Hua, Y. Xiang, T. Chen, K. Abed-Meriam, and Y. Miao,
“Natural Power Method for Fast Subspace Tracking,” in
Proceedings of NNSP’99, 1999, pp. 176-185.

13. Y.N. Rao and J.C. Principe, “Robust On-line Principal
Component Analysis Based on a Fixed-Point Approach,” in
Proceedings of ICASSP’02, vol. 1, 2002, pp. 981-984.



94  Hegde et al.

14. D. Erdogmus, Y.N. Rao, K.E. Hild II, and J.C. Principe,
“Simultaneous Principal Component Extraction with Applica-
tion to Adaptive Blind Multiuser Detection,” EURASTP J.
Appl. Signal Process., vol. 2002, no. 12, 2002, pp. 1473-1484.

15. B. Champagne, “Adaptive Eigendecomposition of Data Co-
variance Matrices Based on First-Order Perturbations,” /[EEE
Trans. Signal Process., vol. 42, no. 10, 1994, pp. 2758-2770.

16. J. Via, I. Santamaria, and J. Perez, “A Robust RLS Algorithm
for Adaptive Canonical Correlation Analysis,” in Proceedings
of ICASSP’05, Philadelphia, Pennsylvania, 2005.

17. S. Haykin, “Adaptive Filter Theory,” 4th ed., Prentice Hall,
Upper Saddle River, New Jersey, 2001, pp. 231-319.

Anant Hegde received his BE in Electronics & Communication
Engineering from Mysore University in 1998. For a brief
period, he worked in the personal communications sector at
the Bangalore design center in Motorola India Ltd. Later he
worked on evoked potentials at the Bio-Signal Analysis
Laboratory under the supervision of Dr. Ben Jansen (2000—
2002), where he received his MS degree in Electrical Engineer-
ing. Currently, he is completing his PhD studies in Electrical
Engineering at the University of Florida. His research at the
Computational Neuroengineering Laboratory involves investi-
gating the functional connectivity between brain areas at
various states of epileptic seizures. His research interests are
in biomedical signal processing, broad band communication
technologies and machine learning networks adapted from
information theoretic learning principles.

Jose C. Principe is Distinguished Professor of Electrical and
Biomedical Engineering at the University of Florida since

2002. He joined the University of Florida in 1987, after an
eight-year appointment as Professor at the University of
Aveiro, in Portugal. Dr. Principe holds degrees in electrical
engineering from the University of Porto (Bachelors), Portugal,
University of Florida (Master and Ph.D.), USA and a Laurea
Honoris Causa degree from the Universita Mediterranea in
Reggio Calabria, Italy. Dr. Principe interests lie in nonlinear
non-Gaussian optimal signal processing and modeling and in
biomedical engineering. He created in 1991 the Computational
NeuroEngineering Laboratory to synergistically focus the
research in biological information processing models.

Dr. Principe is a Fellow of the IEEE, past President of the
International Neural Network Society, and Editor in Chief of
the Transactions of Biomedical Engineering since 2001, as well
as a former member of the Advisory Science Board of the
FDA. He holds 5 patents and has submitted seven more. Dr.
Principe was supervisory committee chair of 47 Ph.D. and 61
Master students, and he is author of more than 400 refereed
publications (3 books, 4 edited books, 14 book chapters, 116
journal papers and 276 conference proceedings).

Deniz Erdogmus received the B.S. in Electrical & Electronics
Engineering (EEE), and the B.S. in Mathematics both in 1997,
and the M.S. in EEE in 1999 from the Middle East Technical
University, Turkey. He received his PhD in Electrical &
Computer Engineering from the University of Florida (UF)
in 2002. He worked as a research engineer at TUBITAK-
SAGE, Turkey from 1997 to 1999, focusing on the design of
navigation, guidance, and flight control systems. He was also a
research assistant and a postdoctoral research associate at UF
from 1999 to 2004, concentrating on signal processing,
adaptive systems, machine learning, and information theory,
specifically with applications in biomedical engineering includ-
ing brain machine interfaces. Currently, he is holding an
Assistant Professor position jointly at the Computer Science
and Electrical Engineering Department and the Biomedical
Engineering Department of the Oregon Health and Science
University. His research focuses on information theoretic
adaptive signal processing and its applications to biomedical
signal processing problems. Dr. Erdogmus has over 35 articles
in international scientific journals and numerous conference
papers and book chapters. He has also served as associate
editor and guest editor for various journals, participated in
various conference organization and scientific committees, and
he is a member of Tau Beta Pi, Eta Kappa Nu, IEEE, and IEE.
He was the recipient of the IEEE-SPS 2003 Best Young Author
Paper Award and 2004 INNS Young Investigator Award.



Umut Ozertem received his BS in Electrical & Electronics
Engineering from the Middle East Technical University in 2003.
After working at Tubitak-BILTEN between August 2003 and
July 2004 under the supervision of A. Aydin Alatan, he joined the
Adaptive Systems Lab in the CSEE Department of the Oregon
Health & Science University as a PhD student. He is currently
working with Deniz Erdogmus, and his research interests include
adaptive and statistical signal processing, information theory and
its applications to signal processing and machine learning.

Yadunandana N. Rao was born in Mysore, India. He received
his BE in Electronics and Communication Engineering from

Perturbation-Based Eigenvector Updates 95

the University of Mysore, India in 1997 and MS and PhD in
Electrical and Computer Engineering from the University of
Florida, Gainesville, FL in 2000 and 2004, respectively.
Between August 1997 and July 1998, he worked a Software
Engineer in Bangalore, India. From May 2000 to January
2001, he was a Design Engineer at GE Medical Systems, WI.
He is currently with Motorola, Inc. His research interests
include adaptive signal processing theory, algorithms and
analysis, neural networks for signal processing, communica-
tions, and biomedical applications.

Hemanth Peddaneni obtained his M.S. degree in
Electrical and Computer Engineering from the Uni-
versity of Florida in 2004. Since then, he has been
working as a Research and Development Engineer
with Neurotronics Inc.

His research interests include biological signal pro-
cessing with particular emphasis on sleep analysis,
adaptive signal processing, wavelet methods for time
series analysis and digital filter design/implementation.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


